The main objective of this work is to discuss a generalized synchronization of a coupled chaotic identical and nonidentical dynamical systems. We propose a method to study generalized synchronization in master-slave systems. This method, is based on the classical Lyapunov stability theory, utilizes the master continuous time chaotic system to monitor the synchronized motions. Various numerical simulations are performed to verify the effectiveness of the proposed approach.
Introduction
For the last few decades, chaotic phenomena have been seen to be new kinds of oscillating system for the successful applications in different scientific fields including physics, chemistry, ecology, biology, etc. The chaotic oscillators are found in many dynamical systems of various origins. Their behavior is characterized by instability and limited predictability in time. The original work on synchronization was introduced in coupled pendulum by Huygens [1] . Since this discovery has been carried out, it has attracted very considerable attention over the past three decades in different scientific fields including physical and biological processes. The surprising synchronization phenomena generated between coupled chaotic systems has been discovered by Pecora and Carroll [2] . They proposed that "synchronization can be observed even in chaotic systems". Then, the synchronization of coupled chaotic systems has been extensively and intensively studied.
Thus, behavior of a chaotic phenomenon can be classified into several types of synchronization such as: identical or complete synchronization appears as the coincidence of states of interacting systems, phase synchronization which means entrainment of phases of chaotic oscillators in a closely controlled phase relationship, lag synchronization appears as having a parameter mismatch in mutually coupled chaotic oscillator. This type of lag synchronizations has important technological implications in engineering systems. In the literature, a large number of researchers have extensively concentrated on identical synchronization [2] , generalized synchronization [3, 4] , active control methods such as adaptive control, feedback control, sliding mode control, impulsive control and fuzzy control and so on [5] [6] [7] [8] [9] [10] .
In the case of synchronization of master-slave systems, the designed controller makes the trajectories of the state variables of the master system to track the trajectories of the slave system. This *Corresponding Author fact may pose a trouble in using the results of theoretical analyses in practical applications of synchronized chaos. In this paper, we further study a generalized synchronization of chaotic systems and propose a new and more general method for constructing a master system to implement the generalized synchronization with slave chaotic system by using the Lyapunov stability theory. This technique, known as master system method, is practically established in a simple form since it is effectively guaranteed for the stability of generalized chaotic synchronization. Besides, we present the generalized synchronization for two basic categories, namely; synchronization between two identical chaotic systems and synchronization between two nonidentical chaotic systems. Synchronization of nonidentical chaotic systems can be found in many natural systems, such as Lorenz system, Chua's system, Rossler system, asthalamic neurons in the human brain etc. The rest of the paper is organized as follows: Section 2 gives a general description of a generalized synchronization by constructing master systems for detecting generalized synchronization of chaotic systems based on the classical Lyapunov stability theory. Section 3 studies the synchronization behaviour of two identical chaotic systems. Section 4 presents the results of an experiment with synchronization of nonidentical chaotic systems. Section 5 concludes main results of the present work and recommendations for further studies.
Generalized synchronization systems
The basic master and slave chaotic system is given as,
where the vector x(t) ∈ R n and y(t) ∈ R n represent the master signal and the slave signal, respectively. The functions f ∈ R n and g ∈ R n are f (x(t)) = Ax(t) + s(x(t)) and g(y(t)) = By(t) + h(y(t)),
where A and B of size n × n are assumed to be constant matrices and the functions s ∈ R n and h ∈ R n represent the nonlinear parts of f and g, respectively. The master system synchronizes with the system slave in a state of generalized synchronization, if there exists a transformation u : R 2n −→ R n , a manifold T = {(x, y) ∈ R 2n , y(t) = φ(x(t))}, where φ : R n −→ R n being a smooth function. The function transforms the trajectories on the attractor of the first system into those on the attractor of the second system. The problem consisting of the controller function u exists and satisfies the following property:
for all initial conditions. To explain the synchronization of the driver and the response systems, the error equation is given by e(t) = y(t) − φ(x(t)).
By the Lyapunov direct method we consider a Lyapunov function
Note that P is a symmetric positive definite matrix and is independent of time. Here, P is given as the identity matrix. We assume that the error system e(t) is small enough and satisfies a differential equation of the forṁ
where M is an appropriate matrix. In this paper, we construct a master system driven by the synchronization signal (4) to implement linear generalized synchronization with the slave system. Now theṅ
where J φ is the Jacobian matrix of the function φ. According to condition (4), the corresponding controller function u exists and is given by
Then, system (1) becomes
slave.
In order to find a generalized synchronization, the following assumptions on the master system are needed: Φ must be a continuously differentiable function and the matrix M T (t)P + P M (t) is a positive definite matrix. In the next section, we present two simulation results: first between two nonidentical systems and other between two identical systems. For the time integration the fourth order Runge-Kutta (RK4) method has been used under the initial conditions x(0) and y(0). The interval time [t 0 , T ] is partitioned into N subintervals [t n , t n+1 ] with t n = t 0 +n∆t for n = 0, · · · , N ,
Synchronization of two nonidentical systems
The Rössler system described by the nonlinear autonomous differential equations is [11] :
where,
The set of parameters representing chaotic attractors for the famous Rössler systems are taken to be a = 0.25, b = 3, c = 0.5 and d = 0.05 and chosen as master system. The unified chaotic system is described as follows [12] :
Thus system (9) reduces to the Lorenz system if α = 0 and chosen as the slave system. The To achieve the reduced order synchronization behavior between the Rössler and Lorenz systems, we consider that the Rössler as the master system and Lorenz as the slave system. Then, we rewrite the master system in the forṁ
where
To solve the synchronization problems of (8) and (9) with the control functions u(x(t), y(t))as calculated by (6) , one can define the nonidentity vector function as Φ(x 1 , y 1 , z 1 ) = (x 1 + z 1 , y 1 + z 1 , x 1 ) T . For the sake of the simplicity, we consider M = kI 3 . We see that the master-slave systems are synchronized by the designed controller function between two nonidentical chaotic systems, namely, that lim 
Synchronization of two identical systems
In this section, the proposed method is applied to synchronization behaviour of two identical Hindmarsh-Rose (HR) neuron systems. We focus on the synchronisation of two well defined chaotic systems in which the control method can be applied to the master-slave synchronization of the HR neurons. The HR model is then given by [13, 14] .
The set of parameters are given as a = 1, b = 0, c = 3, d = 2, e = 5, f = 1, g = 1, α = 1, β = 1, µ = 2, γ = 1, η = 0.005, ρ = 4 and C = −2.6. Here, I(t) is the externally applied current at time t and the parameter C is the x-coordinate of the leftmost equilibrium point of the model without adaptation. To study synchronization motions of the two identically coupled HR neuronal systems, it is assumed that system (10) is considered to be the master system. The slave system is given by
We can rewrite system (10) aṡ
Again, as in the above example, the control functions u(x(t), y(t)) are given by (6) , where Φ(x 1 , y 1 , z 1 ) = (x 2 , y 2 , z 2 ) is the identity function. We produce numerical results using the RK4 method for the master-slave systems, by using M = kI 3 . In our simulation, the initial conditions are chosen to be x(0) = (−0.54, −1, 3) T and y(0) = (0.54, 1, −3) T . The time interval is taken to be [t 0 , T ] = [0, 5000]. The chaotic behavior of the HR system is shown in Figure 3 , for I = 3.25. In Figure 4 , we consider coupling for k −→ ∞. It can be seen that synchronization occurs for k ⋍ 0.2. Thus, all the variables of the coupled chaotic systems converge, namely, x 2 converges to x 1 , y 2 to y 1 , and z 2 to z 1 . Thus, we can see the generalized synchronization between the master and slave chaotic systems with the designed controller functions. 
Conclusion
In this paper, the generalized synchronization of spatial chaotic identical and nonidentical dynamical systems have been analysed. We have reconstructed the master system based on the classical Lyapunov stability theory. The designed controllers enable the state variables of the slave system to globally synchronize the state variables of the master system in both physical and biological systems. It should be pointed out that the present method has effectively been extended to generalized synchronization. The present method has also provided the guaranteed stability of the error dynamics at the origin . All computations have been carried out in terms of the codes produced here in SCILAB-6.0. For further the theory of synchronization stays a challenging problem of nonlinear behavior.
